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We characterize the Julia sets of certain exponential functions. We show that the
Julia sets JFλn  of Fλn z = λnez
n where λn > 0 is the whole plane , provided
that limk→∞ Fkλn 0 = ∞. In particular, this is true when λn are real numbers
such that λn >  1ne 1/n. On the other hand, if 0 < λn <  1ne 1/n, then JFλn  is
nowhere dense in  and is the complement of the basin of attraction of the unique
real attractive ﬁxed point of Fλn . We then prove similar results for the functions
F1 2  nmz = λ1a
λ2a
···
λna
λn+1zm
n
2
1 
where λi ∈ − 0 1 ≤ i ≤ n+ 1 aj > 1, 1 ≤ j ≤ n, and m n ≥ 1. © 2000 Academic
Press
Key Words: Julia sets; exponential functions.
1. INTRODUCTION
Let f be a transcendental entire function and let f i denote the ith iterate
of f . The Julia set Jf  of f is deﬁned as follows:
Jf  =  − Ff 
where
Ff  = z ∈ f i∞i=1 is a normal family in a neighborhood of z
The set Ff  is called the Fatou set of f . It follows from these deﬁnitions
that Julia sets are closed sets in  and have an empty interior. In this paper
we study the Julia sets of certain exponential functions. First we let
Fλnz = λnez
n
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where λn > 0 and n ∈ . For n = 1, it is well known that JFλ1 is the
whole plane when λ1 >
1
e
. On the other hand, JFλ1 is the complement
of the basin of attraction of the unique real attractive ﬁxed point of Fλ1
and is nowhere dense in the plane when 0 < λ1 <
1
e
(see [16]). For n ≥ 2,
we extend this result by showing that JFλn is the whole plane when λn >
 1
ne
1/n, and JFλn is the complement of the basin of attraction of the
unique real attractive ﬁxed point of Fλn and is nowhere dense in the plane
when 0 < λn <  1ne1/n. The method we will use is based on several known
results due to Baker [2, 4, 10], and Goldberg and Keen [21] (see also [29]
and [30]). Next we let λn be a nonzero complex parameter and give some
sufﬁcient conditions such that JFλn is the whole plane. In [29], it was
shown that the Julia sets of
F1 2  nz = λ1aλ2a
···
λna
λn+1z
n
2
1 
where λi ∈  − 0 and n ≥ 1, is the whole plane provided that
limk→∞ F
k
1 2  ns = ∞ for each singularity s of F−11 2  nz. More-
over, if F1 2  n has a real attractive ﬁxed point, then the Julia sets of
F1 2  n are nowhere dense in the plane and are the complement of the
basin of attraction of this ﬁxed point. We shall consider the Julia sets of
more general exponential functions of the form
F1 2  nmz = λ1aλ2a
···
λna
λn+1zm
n
2
1 
where λi ∈  − 0, 1 ≤ i ≤ n + 1, aj > 1, 1 ≤ j ≤ n, and mn ≥ 1.
We shall describe the Julia sets of F1 2  nm as the parameters λi and aj
are varied.
2. PRELIMINARY RESULTS
Unless otherwise speciﬁed, throughout this section, f z will be a non-
linear entire function. To prove our main results, we need the following
deﬁnitions and results.
Deﬁnition 2.1. β is said to be an “algebraic singularity” of f−1 or a
critical value of f if β = f α, where f ′α = 0. β is said to be a tran-
scendental singularity of f−1 or an asymptotic value of f if there is a path γ
approaching ∞ on which f z → β. (That is, there is a path γ 0 1 → 
such that limt→1 γt = ∞ and limt→1 f γt = β).
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Theorem 2.1 [4]. Let D be a domain of the complex plane with at
least three boundary points and let f be analytic on D, except that if D is
unbounded, f need not be analytic at ∞. Let f map D into itself and suppose
that no subsequence of f k∞k=0 has identity limit in D in particular this is so
if f is not a univalent map of D onto D. Then the whole sequence f k∞k=0
converges in D to a constant limit α ∈ D.
Theorem 2.2 [2]. Let S be the set of ﬁnite singularities of f−1z, and let
E be the set of points of the form f ns s ∈ S n = 0 1   . Then a point
belongs to E precisely if it is a ﬁnite singularity of some inverse function f−nz
of an iterate of f z.
Theorem 2.3 [2]. Let E be the set deﬁned in Theorem 2.2, and let E′
denote the derived set of E together with any points which are of the form
f ns, s ∈ S. Then any constant limit of the sequence f nk∞k=0 in a component
of Ff  belongs to L = E ∪ E′ ∪ ∞.
Theorem 2.4 [2]. If the set L deﬁned in Theorem 2.3 has an empty inte-
rior and a connected complement, then no sequence f nk∞k=0 has a noncon-
stant limit function in any component of Ff .
Deﬁnition 2.2. Let U be a component of Ff ; then U is preperiodic
under f if there exist nonnegative integers m and n such that fm+nU =
fmU. U is periodic if m = 0. If U is neither periodic nor preperiodic, then
we say U is a wandering domain.
Deﬁnition 2.3. A map f is said to be of critically ﬁnite type or ﬁnite
type if f has ﬁnitely many critical values and asymptotic values.
The next two results are important properties of the entire functions of
ﬁnite type.
Theorem 2.5 [5, 29, 30]. Let  be the set of all entire functions of ﬁnite
type. Then  is closed under composition.
Theorem 2.6 [21]. If f is in , then f has no wandering domains.
3. PROOF OF THEOREMS
We are now ready to prove the following theorem.
Theorem 3.1. Let Fλnz = λnez
n
, λn > 0, n ∈ . If λn >  1ne1/n, then
JFλn is the whole plane. If 0 < λn <  1ne1/n, then JFλn is the complement
of the basin of attraction of the unique real attractive ﬁxed point of Fλn and is
nowhere dense in the plane.
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Proof. First we let λn >  1ne1/n. Suppose that FFλn is nonempty. Let
U be a component of FFλn. It is easy to see that 0 is the only ﬁnite
asymptotic value of Fλnz n ∈  (see [2]). For n ≥ 2, we have F ′λnz =
0 if and only if z = 0, which implies that λn = Fλn0 is the only critical
value of Fλn . Then, with the notations in Theorems 2.2 and 2.3, we have
S =
{ 0 for n = 1, and
0 λn for n ≥ 2
E =
{
Fkλns  s ∈ S k = 0 1 2   
}
 and
L = E ∪ ∞
Since L is a countable set, L has an empty interior and its complement
is connected. Since Fλn has only ﬁnitely many critical and asymptotic val-
ues, it is of critically ﬁnite type. Thus Fλn has no wandering domains by
Theorem 2.6. Hence, there exist nonnegative integers i and j such that
F
i+j
λn
U = Fjλn
(
FiλnU
)
⊆ FiλnU
Denote FiλnU by V . From Theorem 2.1, the sequence F
jk
λn
∞k=0 con-
verges in V to a constant limit, say α, in V (since no subsequence of
Fjkλn∞k=0 has identity limit in V ). Suppose that α is ﬁnite. Then since V
is invariant under Fjλn , we have
F
j
λn
α = α
(Since Fjkλn V  ⊂ V for each k ≥ 1, F
j
λn
α = limk→∞ FjλnF
jk
λn
z =
limk→∞ F
jk
λn
Fjλnz = α, for z ∈ V .) This implies that α is ﬁxed under F
j
λn
.
But, by Theorem 2.3, we have α ∈ L − ∞, which implies that α cannot
be periodic under Fjλn since each point in L− ∞ tends to ∞ under the
iteration of Fjλn . As a result, α must be ∞. Since
lim
k→∞
F
jk
λn
z = lim
k→∞
F
j
λn
(
F
jk−1
λn
z
)
= ∞
on V , it follows that
lim
k→∞
F
jk−1
λn
z = lim
k→∞
F−1λn
(
F
jk
λn
z
)
= ∞
on V since Fjλn is analytic on V (and F
j
λn
z tends to ∞ if and only if z
tends to ∞). Thus
lim
k→∞
F
jk−p
λn
z = ∞
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on V for each p ≥ 2. Now for each sequence Fjiλn∞i=0 ⊂ F
j
λn
∞j=0 there
exists an integer l ≥ 0 such that Fjimλn ∞m=0 ⊂ F
ji
λn
∞i=0 which is a subse-
quence of Fjk−lλn ∞k=0. Hence,
lim
m→∞F
jim
λn
z = ∞
on V . Since every subsequence of Fjλn∞j=0 has a subsequence which con-
verges to ∞, we conclude that the whole sequence converges to ∞.
We claim that the sequence of derivatives of Fjλn F
j
λn
′∞j=0 also con-
verges to ∞ on V . Since Fλnz′ = nλnzn−1ez
n
, we have(
Fkλnz
)′
=
K∏
i=1
F ′λn
(
Fi−1λn z
)
=
k∏
i=1
(
n
(
Fi−1λn z
)n−1
Fλn
(
Fi−1λn z
))

This implies that
ln
∣∣∣Fkλnz′
∣∣∣ = k∑
i=1
ln
∣∣∣∣
(
n
(
Fi−1λn z
)n−1
Fλn
(
Fi−1λn z
))∣∣∣∣
=
k∑
i=1
ln n+ n− 1
k∑
i=1
ln Fi−1λn z +
k∑
i=1
ln Fiλnz
from which it follows that limk→∞ ln Fkλnz′ = ∞ for each nonzero z ∈
V . This implies that limk→∞ ln Fkλn0′ = ∞ if 0 ∈ V since Fλn is analytic
on V . Therefore, Fjλn′∞j=0 converges to ∞ on V as claimed.
Now let D be a disc contained in V such that D ⊂ V . Then, by the Bloch
theorem, FkλnD contains a disc of arbitrarily large radius as k becomes
large. Thus there exists an integer k0 such that
F
k0
λn
D ∩ JFλn = 
which is impossible since D ⊂ V ⊂ FFλn. It follows that FFλn = ,
which is equivalent to saying that JFλn is the whole plane.
Now let 0 < λn <  1ne1/n. In this case Fλn has a unique real repulsive
ﬁxed point and a unique real attractive ﬁxed point, say at pλn and qλn ,
respectively. Note that qλn <  1n1/n < pλn . We will show that if Aqλn is
the basin of attraction of qλn , then
JFλn =  −Aqλn
To this end, let G = z ∈  Rezn < pλnn ∪ B0pλn. Then
Fλnz = λnez
n 
= λneRez
n
<
{
λne
pλn n  if Rezn < pλnn,
λne
zn < λne
pλn n  if z < pλn .
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Hence,
Fλnz < λnepλn 
n
for all z in G. Thus FkλnG ⊂ B0pλn for all k ≥ 0, which implies that
Fkλn∞k=0 is locally bounded on G. Since 0 pλn is attracted to qλn under
the iteration of Fλn and 0 pλn has a limit point in G, hence, by the Vitali
theorem, Fkλnz converges to qλn for all z in G. Therefore, G ⊂ Aqλn.
Let U =  − G = z  z ≥ pλn and Rezn ≥ pλnn. Then
JFλn ⊂ U , and on U we have
F ′λnz = nλnzn−1ez
n 
= nλnzn−1eRez
n
≥ nλnpλnn−1epλn 
n
= npλnn since pλn is a ﬁxed point of Fλn
> 1 since pλn >
(
1
n
)1/n

Thus there exists % > 0 such that∣∣∣F ′λnz
∣∣∣ ≥ 1+ %
for all z in U . Let V =  −Aqλn. Then JFλn ⊂ V ⊂ U . We ﬁrst show
that V is nowhere dense in the plane. Suppose not; then there exists a disc
Bz0 r in V such that Bz0 r ⊂ V , for some z0 in V and some r > 0.
Since V is completely invariant under Fλn , we have∣∣∣Fkλn′z
∣∣∣ = k∏
i=1
∣∣∣F ′λnFi−1λn z
∣∣∣ ≥ 1+ %k
for all z in V . Thus
lim
k→∞
∣∣∣Fkλn′z
∣∣∣ = ∞
for all z in V , and it follows from the Bloch theorem that FkλnBz0 r
contains a disc of arbitrarily large radius as k becomes large. Hence, there
exists an integer k0 > 0 such that
F
k0
λn
Bz0 r ∩G = 
which is impossible since Fk0λn Bz0 r ⊂ V G ⊂ Aqλn and V =  −
Aqλn. Therefore, V is nowhere dense in the plane, and it follows imme-
diately that Fkλn∞k=0 cannot be normal at any point in V . As a result, we
get V ⊂ JFλn ⊂ V , and so JFλn = V =  −Aqλn as desired.
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Remark 3.1 For the case n = 1, a different proof can be found in [16].
Remark 3.2 The idea of the proof when λn >  1ne1/n is from the proof
of Theorem 7 in [10], which showed that for f z = eaz a ∈  − 0,
if limk→∞ f k0 = ∞, then Jf  is the whole plane.
Remark 3.3 According to Devaney [16], we can use the argument due
to Sullivan [28] to show that the Julia set of Fλn is the whole plane when
λn >  1ne1/n.
Remark 3.4 In [27], McMullen showed that if f z = λez 0 < λ < 1
e
,
then the area of Jf z is zero and dim Jf z = 2. We conjecture that
these results are also true for the entire functions of the form Fλnz =
λne
zn 0 < λn <  1ne1/n.
Remark 3.5 By investigating the ﬁrst part of the proof of Theorem 3.1,
it is evident that we may take λn to be a nonzero complex parameter. The
set S is still the same, and it follows from the proof of Theorem 3.1 that if
limk→∞ F
k
λn
s = ∞ for each s ∈ S, then JFλnz is the whole plane. We
summarize these results as follows.
Corollary 3.2. Let Fλnz = λnez
n
, where λn ∈ −0, and n ≥ 1. Let
S be the set of ﬁnite singularities of F−1λn . If limk→∞ F
k
λn
s = ∞ for each s ∈ S,
then JFλn is the whole plane. In particular, this occurs when λn >  1ne1/n.
On the other hand, if 0 < λn <  1ne1/n, then JFλn is the complement of
the basin of attraction of the unique real attractive ﬁxed point of Fλn and is
nowhere dense in the plane.
The following result is similar to that in Theorem 3.1.
Proposition 3.3. Let F1 2nz = λ1aλ2zn , λ1, λ2 ∈  − 0, a > 1, and
n > 1. Let S be the set of ﬁnite singularities of F−11 2n. If limk→∞ F
k
1 2ns = ∞
for each s ∈ S, then JF1 2n is the whole plane. In particular, this occurs
when λ1 and λ2 are positive real numbers satisfying λ1 > 1/neλ2 ln a1/n for
a given λ2. On the other hand, for a given λ2 > 0, if 0 < λ1 < 1/neλ2 ln a1/n,
then JF1 2n is the complement of the basin of attraction of the unique real
attractive ﬁxed point of F1 2n and is nowhere dense in the plane.
Proof. By Remark 3.5 above, we can prove this in the same way that we
did for Theorem 3.1. Notice that when 0 < λ1 < 1/neλ2 ln a1/n the unique
real repulsive ﬁxed point of F1 2n is greater than 1/n λ2 ln a1/n.
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From the above proposition it is natural for us to consider the Julia sets
of more general entire functions as follows. Let
F1 2  nmz = λ1aλ2a
···
λna
λn+1zm
n
2
1
= λ1eβ1e
···
βn−1eβnz
m
 (3.1)
where βj = λj+1 ln aj 1 ≤ j ≤ n, λi ∈  − 0 1 ≤ i ≤ n + 1 aj >
1 1 ≤ j ≤ n, and mn ≥ 1. By Theorem 2.5, it follows that F1 2  nm is
of ﬁnite type. Consequently, F1 2  nm does not possess any wandering
domains. From this property of F1 2  nm we can describe JF1 2  nm
as the parameters λi and aj are varied. We now state and prove our
main result.
Theorem 3.4. Let F1 2  nmz be as in (3.1) and let
F1z = F1 2  nmz
G1z =
F1z
λ1

Fi+1z = βie·
··
βn−1eβnz
m

Gi+1z =
Fiz
βi
 1 ≤ i ≤ n− 1
Let S be the set of ﬁnite singularities of F−11 2  nm. If limk→∞ F
k
1 2  nms =
∞ for each s ∈ S, then JF1 2  nm is the whole plane. In particular, let
λi > 0, 2 ≤ i ≤ n + 1, aj > 1, 1 ≤ j ≤ n be given. Let z0 be the unique
positive real number satisfying
n∏
i=2
Giz0 =
1
m∏ni=1 βi · z0m 
If λ1 > z0/G1z0, then JF1 2  nm is the whole plane. On the other hand,
if 0 < λ1 < z0/G1z0, then JF1 2  nm is the complement of the basin of
attraction of the unique real attractive ﬁxed point of F1 2  nm and is nowhere
dense in the plane.
Proof. Since F1 2  nm is of ﬁnite type, it does not possess any
wandering domains. By Remark 3.5 and the ﬁrst part of the proof of
Theorem 3.1, it follows that if limk→∞ F
k
1 2  nms = ∞ for each s ∈ S
then JF1 2  nm is the whole plane. Now let λi > 0 2 ≤ i ≤ n + 1,
aj > 1 1 ≤ j ≤ n be given. By the convexity of the exponential function
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and the concavity of 1/xm m ≥ 1, there exists a (unique), positive real
number z0 satisfying
n∏
i=2
Giz0 =
1
m∏ni=1 βi · z0m 
We may see this by noticing that
∏n
i=2Gi0 > 0 and
∏n
i=2Giz, which is
the product of the exponential functions, is increasing on +. Meanwhile,
the function 1/xm is decreasing on + for m ≥ 1. If λ1 = z0/G1z0, then
it is easily seen that z0 is the only real ﬁxed point of F1 2  nm where
F ′1 2  nmz0 = 1. Thus if λ1 > z0/G1z0, then F1 2  nm does not have
any real ﬁxed points and limk→∞ F
k
1 2  nm0 = ∞. Since
F−11 2  nmzm =
1
βn
ln
(
1
βn−1
ln
(
  
(
1
β1
ln
(
1
λ1
z
))
  
))

it follows that
S =
{
0 λ1 λ1e
β1 λ1e
β1e
β2
     λ1e
β·
··
βn−2eβn−1
1
}

Thus
lim
k→∞
Fk1 2  nms = ∞
for each s ∈ S since each element of S is a positive real number and
limk→∞ F
k
1 2  nm0 = ∞. It follows immediately that if λ1 > z0/G1z0,
then JF1 2  nm is the whole plane. Now let 0 < λ1 < z0/G1z0. Then it
is easily seen that F1 2  nm has a unique real repulsive and a unique real
attractive ﬁxed point, say at p1 2  nm and q1 2  nm, respectively. Note
that 0 < q1 2  nm < z0 < p1 2  nm. Since p1 2  nm is a repulsive ﬁxed
point, there exists % > 0 such that F ′1 2  nmp1 2  nm ≥ 1 + %. Let
Aq1 2  nm be the basin of attraction of q1 2  nm. We will show that if
0 < λ1 < z0/G1z0, then JF1 2  nm is nowhere dense in the plane and
JF1 2  nm =  −Aq1 2  nm
To this end let G = z  Rezm < p1 2  nmm ∪ B0p1 2  nm.
Then on G we have
F1 2  nmz =
∣∣∣∣∣λ1eβ1e·
··
βn−1eβnz
m ∣∣∣∣∣ ≤ λ1eβ1e·
··
βn−1eβnRez
m
≤


λ1e
β1e
···
βn−1e
βnp1 2  nmm
if Rezm< p1 2  nmm,
λ1e
β1e
···
βn−1eβn z
m
≤ λ1eβ1e·
··
βn−1e
βnp1 2  nmm
if z < p1 2  nm
≤ p1 2  nm
julia sets of exponential functions 607
Thus as in Theorem 3.1, G ⊂ A q1 2  nm. Now let
U =  −G = z  z ≥ p1 2  nm and Rezm ≥ p1 2  nmm and
V =  −Aq1 2  nm
Then JF1 2  nm ⊂ V ⊂ U . Since V is completely invariant under
F1 2  nm we have
F1 2  nmz = F1z ≥ p1 2  nm = F1p1 2  nm
for all z ∈ V . Let 2 ≤ j ≤ n− 1, and suppose that
Fiz ≥ Fip1 2  nm
for all z ∈ V and 1 ≤ i ≤ j. We claim that
Fj+1z ≥ Fj+1p1 2  nm
for all z ∈ V . Suppose at the moment that our claim is true; then we get
F ′1 2  nmz = λ1mzm−1
n∏
i=1
βiGiz
= βnmzm−1
n∏
i=1
Fiz
≥ βnmp1 2  nmm−1
n∏
i=1
Fip1 2  nm
= F ′1 2  nmp1 2  nm
≥ 1+ %
for all z ∈ V . We then follow with the second part of the proof of
Theorem 3.1 to conclude that JF1 2  nm =  − Aq1 2  nm and is
nowhere dense in the plane.
Proof of claim. Suppose that Fj+1z < Fj+1p1 2  nm. Then
Fjz = βj−1eFj+1z
≤ βj−1eFj+1z
< βj−1e
Fj+1p1 2  nm
= Fjp1 2  nm
for all z ∈ V , which would also imply that F1z < F1p1 2  nm on V ,
which is a contradiction. Hence, the claim is true.
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Example 3.1. Let Fz = λ1aλ2a
λ3z
n
2
1 , where λi > 0 1 ≤ i ≤ 3 aj >
1 j = 1 2 n ≥ 1. Fix λ2 λ3 > 0 and a1 a2 > 1. Then there exists a
unique positive real number z0 satisfying
G2z0 = eβ2z0
n = 1nβ1β2 · z0n

If λ1 > z0/G1z0 = z0/eβ1eβ2z0
n
, then JF is the whole plane. On the
other hand, if 0 < λ1 < z0/G1z0 then JF is the complement of the
basin of attraction of the unique real attractive ﬁxed point of Fz and is
nowhere dense in the plane.
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